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SUBJECT: (U) Second-Order Sensitivity Analysis of Uncollided Particle Contributions to
Radiation Detector Responses Using Ray-Tracing

1. Introduction

The Second-Level Adjoint Sensitivity System (2"%-LASS) that yields the second-order sensitivities
of a response of uncollided particles with respect to isotope densities, cross sections, and source
emission rates is derived in Refs. 1 and 2. In Ref. 2, we solved problems for the uncollided leakage from
a homogeneous sphere and a multiregion cylinder using the PARTISN multigroup discrete-ordinates
code.? In this memo, we derive solutions of the 2"-LLASS for the particular case when the response is a
flux or partial current density computed at a single point on the boundary, and the inner products are
computed using ray-tracing.*>® Both the PARTISN approach and the ray-tracing approach are
implemented in a computer code, SENSPG.

The next section of this report presents the equations of the 1°- and 2"-LASS for uncollided
particles and the first- and second-order sensitivities that use the solutions of the 1- and 2™-LASS.
Section III presents solutions of the 1%- and 2"-LASS equations for the case of ray-tracing from a
detector point. Section IV presents specific solutions of the 2"-LASS and derives the ray-trace form of
the inner products needed for second-order sensitivities. Numerical results for the total leakage from a
homogeneous sphere are presented in Sec. V and for the leakage from one side of a two-region slab in
Sec. VI. Section VII is a summary and conclusions.

I1. Equations of the 1%- and 2"9-LASS for Uncollided Particles
This section summarizes results derived by Cacuci.!
I1I.A. "' LASS

The forward equation in the 15 LASS is
Q-Vo(r, @)+, (1p(r, ) = 1 1)
T
with the vacuum boundary condition
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o(r,,Q)=0, r, edV, Q-n<0. ()
The adjoint equation in the 1 LASS is
Q- Vyr,Q)+, )y (r,Q)=2,(r,Q) (3)
with the vacuum boundary condition
y" (r,,Q)=0, r,edV, Q-n>0. 4)

First-order sensitivities of a response R with respect to the N isotope number densities, cross sections,
and source emission rates are given by inner products of the solutions of the 1-LASS:

¢ ey My 2 OR _ 0
S (@, a3y )—W——o;jdVL”dﬂf[(r)t// (r,Q)p(r,Q)

; (5)
+ql.J‘dVJ.4 dQ l//(l)(r,ﬂ)gi(r), i=lw,N, ;
(1 .o (ya OR (1 - )
S sy 2 =N Jar [ ae () (1 2) (), =1 N, ©
« OR .
St @) 22 LN [V [ a0 (n2)g, (). i<l @

In Egs. (5), (6), and (7), f; (r) and g, (r) represent the piecewise spatially constant distributions of the

cross sections and source emission rates, respectively, of isotope i. The density derivatives here and
everywhere in this paper are constant-volume partial derivatives.’

I1.B. 2"-LASS Equations for Second-Order Sensitivities S,(,i.) = 6]322{ si=Lwi N,y j=LusN,
i“%;
The 2™-level adjoint functions 1//1(5) and 1//5.) are the solutions of the following 2"-LASS:
Q- vyl (r,Q)+2, (r)yl) (r,Q)=—0.f,(r)p(r,2) +4¢.g,(r), i=l..N,, (8)
w2 (r,,Q)=0, r,edV, @-n<0, 9)
-Q- vyl (r,Q)+2, (r)y!) (r,Q) =0,/ (r)y" (r,Q), i=1,.., N,, (10)
v (r,Q)=0, r, edV, @-n>0. (11)

The 2™-order mixed partial sensitivities (that include N;) of the response R with respect to the model
parameters are

0a OR _ e) 0) e)
S = NN, ——adeVL”dQ[wl’i (r,Q)l// (F,Q)+l//2’i (r,Q)(p(r,Q)ij (r) W)

+q,[av| doyl)(r,Q)g,(r), ij=lwsN,,

@ a2 OR _ @) () 2
s, 2 oo =N, [av L”dﬁ[l//l’[ (r, Q)" (r, Q)+ (r,g)(p(r,g)] 7.(r) -
=5, [av] d@f (r)y"(r,Q)p(r,Q), ij=1.,N,,
() a OR

VN T oNBg, N Jav], a@y:)(r@)g, (r)+ 5N, [a¥ [, deg (r)y" (r.Q), (14)

i,j=1uuN .

m
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O’R
II.C. 2"-LASS Equations for Second-Order Sensitivities S,.(f,)v ; = Pyt i=l,w,N,, j=1u,N,
t J
The 2"-level adjoint functions wl(lem and !//ézl)+ v, are the solutions of the following 2"LASS:

Q'Vtyfﬁm (r,Q)+%, (r)t//l(ﬁN (r,Q)=-Nf (r)o(r,Q), i=1,..,N,, (15)
wily (r,Q)=0, r,edV, Qn<0, (16)

_Q-Vl//gill\,m (r,Q)+%, (r)l/jgil,\,m (r,Q)=-N.f, (r)l//(l) (r,Q), i=1,..,N,, (17)
vy, (1, 2)=0, 1, edV, Q:n>0. (18)

The 2"-order mixed partial sensitivities (that include oi) of the response R with respect to the model
parameters are

0 a2 OR

Siivs 25 ~o,[dv L” dQ [ijiNm (r,2)y" (1, Q) +yC) (F,Q)¢(I‘,Q)}fj (r)
i J

+q Jav] _aevil, (n@)g (r)-6,[aV | _d@/(r)y" (n@)e(rQ), ij=lwN,,
¢ a OR

i+N,,,j+N,, — 60100'/.

=-N,Jar[ delyfl, (re)p" (re)+yl, (rQ)e(nR)]f(r), ij=1lwN,, 20)

(19)

2
() a OR _ () .
i, S g ijde4ﬂ dQyy), (r,2)g,(r),  ij=1u,N,. 21)
i . . J) a OR .
11.D. 2"-LASS Equations for Second-Order Sensitivities S;,, ;= 2000 i=1,u,N,, j=Lu,N,
" q,0¢;
The 2"-level adjoint function ‘//1(,22 v, 1s the solution of the following 2M.LASS:
Q-V y/fﬁmm (r,Q)+%, (r)y/fﬁm (r,Q)=N,g(r), i=1,..,N,, (22)
vy, (r.Q)=0,r1 oV, @-n<0. (23)
(2) —

Note also that ¥, ,,, =0. The 2"-order mixed partial sensitivities (that include ¢:) of the response R

with respect to the model parameters are

) s OR __ 2 )
L [av] _aeyl,, (re)y"(re)f (r) o

+5,[av] d@y" (r,@)g(r), irj=lwsN,,

m

2
S(z) ~ OR
i+2N,,,j+N, —

- 0q,00,

—-N Jav [, d@u i, (R (nR) (), il 09)

O°R .
i(ng 42N 2 =0, 4,j=L.,N,. (26)
" 0q,04,
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IIL. Solutions of the 1%- and 2"!-LASS for Ray-Tracing from a Point Detector

1IL.A. I*"-LASS Forward Equation

Identify Q-V¢(r,Q) as the directional derivative of ¢(r,Q) at r in direction Q. Then Eq. (1) can
be written®
op(r,€2) q(r)
————+ X (Ne(r, Q) ="—"-=,
e [(M)p(r, Q) An (27)
where » measures the distance along the ray in direction . Equation (27) is equivalent to Eq. (1)

provided that an arbitrary point in space r can be mapped to a unique point » along the unique ray in
direction € that passes through r.

For this application, we only solve for particle directions that intersect a detector point r, on the
system boundary. Thus, for this application, a ray-trace solution of Eq. (1) is not a full solution for all
points r and angles €. It is a solution for all points r but only certain angles, designated €, to

emphasize that they are the angles along which rays intersect the detector. It is possible to solve Eq. (1)
at an arbitrary point r and angle  using ray-tracing, but that solution will not be derived or used here.

Assuming the medium is composed of homogeneous regions & with cross section and source rate
density X, and g, , respectively, Eq. (27) is (for the subset of angles Q)

op(r,Q,)
or

q
+3 o, Q)=2 k=1, K,
t,kgo( d) 472_ (28)

v, (arbitrary vector
perpendicular to v,)
A

v, (arbitrary vector
__through r,)

max >

Figure 1. Ray-tracing in an arbitrary geometry. Adapted from Ref. 4. Copyright 2009 by the American
Nuclear Society, LaGrange Park, Illinois.
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where 7 is the distance along the ray in direction £, and K is the number of homogeneous regions the

ray transits (not the number of homogeneous regions in the medium). Multiple traverses of a single
region are counted separately. See Fig. 1, in which K = 8 for the ray shown.

Applying the integrating factor ¢™*" ™ yields

0 o (r=n) _ i r-nl) g,
5(6 go(r,ﬂd))—e E. (29)

Clearly, the distance » —7,_ depends on the angles 6 and w defining Q, (see Fig. 1), so the functional
dependence is suppressed. Integrating Eq. (29) yields

ezr,k(r_rk—)¢(r’ﬂd) = q_kjdr ezr,k (=) +C
4r

ety

“ars, (30)
Dividing through by the integrating factor yields
qk =2 (r=12)
r,Q )= +Ce ™ . 31
o(r,L2,) irs, (31

Designate the 1*-LASS forward flux entering region k in direction , as ¢(r, ,Q,). Using r =7, in
Eq. (31) and rearranging yields

4
C=op(r_,Q)— . 32
(7, €2,) 4rs,, (32)
Using Eq. (32) in Eq. (31) and rearranging yields
_ 4 P T G/ =2 (r=12)

or, Q) = vy (1-e )+ 00,2, )e : (33)

The boundary condition, given by applying Eq. (2) to Fig. 1, completes the solution:
o(r_,€2,) = 0. (34)

For Eq. (27), the boundary is the point at which the ray enters the system in direction €2, .

The quantity of interest is a detector response, denoted as R(g,a), where a denotes the vector of
input parameters, of the form
R(p,a)=[av| d@s,(r,Q)e(r,Q), (35)
where X, (r,Q) models the interaction of the detector with the incident particles. Detector responses of

particular interest are: (i) the scalar flux at a point, in which case the detector-interaction function has the
form

2, (r,Q)=5(r-r,), (36)
where r, represents the detector’s location, and (ii) the partial current density at a point, in which case
the detector-interaction function has the form

2, (r,2)=Q-ns(r-r,), (37)
where n is a unit vector normal to the unit area at r, through which the partial current density is to be
calculated. Although Eq. (35) is an integral over all angles (4x), only those rays passing through r, will

contribute.
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IIL.B. I*"-LASS Adjoint Equation

In the adjoint case, Eqgs. (3) and (4), source particles only flow towards the detector point r,. Thus,

for this application, a ray-trace solution of Eq. (3) is a full solution for all points r and angles €.
Nevertheless, we continue to denote the angle as €, to emphasize that we only consider angles along

which rays intersect the detector point.

Considering only angles that intersect the detector point, noting that adjoint particles travel
backwards, and recognizing that the adjoint source within the system volume is zero [Egs. (36) and
(37)], Eq. (3) is written (for the subset of angles Q)

v Q)
or
where 7 is the distance along the ray in direction —€, and K is the number of homogeneous regions the

2 wO,R,)=0, k=1,.,K, (38)

ray transits. Designating the 1-LASS adjoint flux entering region k in direction —Q, as (7, ,Q,),
the solution of Eq. (38) is

l//(l) (7., Qd) — efzz,k (”*”I:+)l//(1) (rk+’gd)‘ (39)
Clearly, the distance » —r,, depends on the angles 6 and w defining €, (see Fig. 1), so the functional

dependence is suppressed. The boundary condition, given by applying Egs. (36) and (37) to Fig. 1,
completes the solution:

Y (r Q )
1) Q )= Za\KkeT%d)
l// (rK+9 d) |Qd-n|

For Eq. (38), the boundary is the point at which the ray enters the system in direction —£2, .

(40)

The response R(¢,a) is also given by the dual of Eq. (35):°
r
R(py0)=[av|, dy" (r,Q)%. (41)

Although Eq. (41) is an integral over all angles (4r), the adjoint flux is only nonzero for angles €, .
Thus, only those rays passing through r, will contribute to the response, as for Eq. (35).

111.C. Uncollided Leakage and Flux on a Homogeneous Sphere
The total uncollided leakage from a homogeneous sphere is found using chord-length theory in

Ref. 4 (the derivation of Ref. 4 is repeated in Ref. 10). Here we derive the total uncollided leakage using
ray-tracing. The sphere has radius a, macroscopic cross section X, and source rate density g.

Start with Eq. (28) with K = 1. Its solution is Eq. (33) with ¢(r,_,€Q,)=0:
__ 9 ~2(r-1.)
r,Q)=——(1-¢ ).
o, 2) = ) (42)
The angular flux in direction €, at the detector location 7, , which is a point on the surface of the

sphere, is
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q ~S(r,—1i.)
,Q )=——(1- a0,
o(r,,82,) 4”2( € ) (43)

Clearly, the distance 7, —7,_, the path length through the sphere along the ray €2, depends on the
angles 6 and o defining Q, (see Fig. 1). For each ray € ,, we compute this distance in any convenient
coordinate system. For spherical symmetry, we don’t need the polar angle cosine w. Let

H=Q,-n, (44)
where n is the outward unit normal from the sphere at the detector point. See Fig. 2, where d =r, —r,_

and it is clear that

/2 45)
a
and therefore
d=2au. (46)
Using Eq. (46), Eq. (43) becomes
q -2%a
(p(n,,gd)=m(1—e “). (47)

The partial current density J (7,) at the detector point is the angular flux multiplied by the surface-

crossing cosine and integrated over all exiting angles:’
2z 1
J) =], doof dupgtr,2,)

Il

:%J-Old,u,u(l—ezz“”). (48)

Figure 2. Ray-tracing in a homogeneous sphere.
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Using the Wolfram on-line integrator'! for the integral yields

g J[1 5] [ar2same ]
J+(’”d)—2z{[2ﬂ l"‘{ (22a)2 L}
_ 9 l—i— (1+2Za)e ™ 1

=12 ey (2Za)

—2%a
_Lg{zaz_i+(l+22a)e }

- 842 Y 32 32 (49)
The total leakage L from the sphere is the integral of J, (7,) [Eq. (49)] on the surface. Since J (7,)

is a constant on the surface of the one-dimensional sphere, this integration amounts to multiplying
Eq. (49) by the surface area of the sphere to obtain

L= 47ra2J+(rd)
T q 1 (1+2Za)e™™
S 0
which is the same as Eq. (142) in Ref. 2.

Equation (142) in Ref. 2 can also be derived by ray-tracing the 1-LASS adjoint flux [Eq. (41)]. The
response function for the leakage, using » =, =r,, to designate a point on the surface, is

%, (r,,Q,)=|Q, -n|. From Egs. (39) and (40), the adjoint is
Q)= e, (51)
From Eq. (41), the partial current density at » =7, is

J.O)=[ar| dﬂiw“)(r,ﬂ)

J oo al]” Ly )

() 4

=Ll are

1 _
:%J'Oldyyg(l—e ). (52)

Use Eq. (46) for d, evaluate the integral, and integrate over the surface of the sphere to obtain Eq. (50),
which is the same as Eq. (142) in Ref. 2.

Chilton et al. derive the uncollided scalar flux at a point on the surface of a homogeneous sphere
using the detector response at the center of a spherical surface source.!? Here we do it using ray-tracing.
Equation (47) gives the uncollided angular flux at a point on the surface (the detector point). The
uncollided scalar flux at the detector point is, in akin with Eq. (48),

An Equal Opportunity Employer/Operated by Los Alamos National Security LLC for DOE/NNSA
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$0,)=[ " dof dupr,Q,)

S

0
_q ! 254
=% 0d,u(l—e ”). (53)
Evaluating the integral yields
q 1 —23a
=—|1-—(1- 54
) ZZ[ (1= )}, (54)

which is Chilton et al.’s Eq. (6.99) when their R= 1/(47) . Equation (54) can also be derived using the
uncollided 1*-LASS adjoint flux and Eq. (41).

HI.D. 2" LASS Forward Equation

Equations (8), (15), and (22) may be written
Q- vy (r,)+Z, (1) (r,2)=-02 (1) (r,2) + 02 (r), (55)
with boundary condition
v (r,,Q)=0, r, eV, @-n<0. (56)
We solve Eq. (55) along a particular ray from 7max to 7« in material region k (see Fig. 1). In this case,
Eq. (55) becomes (for the subset of angles € ,)
0 ‘//1(2) (r,,)
or
where r is the distance along the ray in direction Q. The 1*-LASS forward flux ¢(r,Q,) along the ray

+2, 0, 9,)=-02,0(r, Q)+ 02, k=1,...,K, (57)

within region £ is given by Eq. (33).

It is convenient to solve Eq. (57) separately for each source. For the first source on the right side

subscript @), using Eq. in Eq. and using the integrating factor ¢™*" ™ yields
(subscript @), using Eq. (33) in Eq. (57) and using the integrating f 0 yield
0 r=rj_ i (r=1_
5(62,4{( )l//l(jz)(r’gd)) =— 1(31),1{ {Mq—g(ez' ( )_1)+(o(rk_,gd)}. (58)
1k

Clearly, the distance » —r,_ depends on the angles 6 and w defining Q, (see Fig. 1), so the functional
dependence is suppressed. Integrating Eq. (58) yields

i r-n) (2) —_H® 9 Tar=nl)
e Via Q)= loak {472_2% jdr {e 1} + J.dl” @(rk—aﬂd)} +C,

2 (r=n_)
—_NH® q; e
=— —(r=r_) |+(r-r r Q) +C
l,a,k {47Z'Zt’k ( Zt’k ( k)J ( k—)¢( k-9 d)} a

__O® Qe 2o 4
=— e - —-op(r,_,Q r—r._)+C..
l,a,k{ a5, L irx, (1, d)j( P )} . (59)

Dividing through by the integrating factor yields
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D0 V= —0® qa. 4. rQ g e T L o T
‘//1,0( ) 1,a,k{4ﬂzik 4”2;,k o(r,_,€2,) |( ) , (60)

Designate the 2"-LASS forward flux entering region  in direction , as 1//1(,2[1)(7;(7,9 2)-Using r=r_
in Eq. (60) yields

2 q
V/l(,a)(rk—’gd) 1(31)1(4 gz +C,, (61)
or
C,=v20,_,2,)+02, e gz : (62)

Using Eq. (62) in Eq. (60) yields

2 q q =2, (r=r2)
l//l(,a)(r’gd) = 1(31),1{ {47[2?’]{ —(4”2%1{ _(D(Vk_,ﬂd)](l’—rk_)e }

+{wfj3( ool b }

t,k

JPNG)) 4q “Z sy 4 _ —Z, 4 (1)
=Y ak {47[2?,k (e 1)"’(4”2 (D(Fk—’gd)J(r r._)e }

t,k

(63)
+e B Q).

The second source on the right side of Eq. (57) (subscript b) is a constant in region k. The solution
can be written immediately by analogy with Eq. (33):

VEr2,) = Q:i)k{z (1)} RZCRER (64
t,k

The boundary condition, given by applying Eq. (56) to Fig. 1, completes the solution for both
v (r,@,) and y2)(r,Q,):
v ,Q.)=0. (65)

1ILE. Specific Solutions of 2"%-LASS Forward Equations

The equations of the 2"-LASS include the same forward transport operator as Eq. (1) or the same
adjoint transport operator as Eq. (3). Two of the forward equations [Egs. (8) and (15)] have sources that
include the 1*-LASS forward flux ¢(r,€,). The solution of these equations in region & is Eq. (63) with

1 =0, fi(r) (66)
for Eq. (8) and

e =N f(r) (67)
for Eq. (15). Note that Eq. (63) already includes the negative sign preceding these sources in Egs. (8)
and (15).
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Two of the forward equations [Egs. (8) and (22)] have sources that include the source emission rate
or atom density of isotope 7, but not the 1-LASS forward flux ¢(r,€,). The solution of these

equations in region k is Eq. (64) with

Ly =4,g,(r) (68)
for Eq. (8) and

17 = Ng,(r) (69)
for Eq. (22).

The solution of Eq. (8) is the sum of Egs. (63) and (64), using Egs. (66) and (68):

2) _ T R 9 B 5 Gen)
£ ”’Q”’)‘“"ﬁ(”{z;ﬁzik (€ 1)+£4ﬂ2m{ <o(rk,9d)}(r e }

+eizl'k(rirk_)‘//1(5,)a (7;,€2,) (70)
qigi(r) RN AU T2tk I T
+47T2,,k (l_ezq( ))+€ Fr )'//1(,?,)17(”1{_’941)-
The solution of Eq. (15) is Eq. (63), using Eq. (67):

Vil (R, = N0 (e 1) | e (,0,) (= e
Ark,,

4z, (71)
+e (rirki)l/ll(,i)er (r_,).
The solution of Eq. (22) is Eq. (64), using Eq. (69):
N' i r - r—=r 2T St
P, (@) =B 1o ) ey, (0. (72)
t,k

(2)

1,i,a

(2)

Note the importance of retaining . (r,_,Q,) and v 7 (r,_,Q,) in Eq. (70) and the unimportance of

doing so in Egs. (71) and (72).
IILF. 2" LASS Adjoint Equation

Equations (10) and (17) may be written
Q. vy (r,Q)+3, (r)t//gz) (r,Q)=—0 (r)t//(l) (r,Q), (73)
with boundary condition
v (r,,Q)=0, r,edV, Q-n>0. (74)
We solve Eq. (73) along a particular ray from 74 to rmax in material region k (see Fig. 1). Also, we
recognize that particles are traveling in the negative direction, though we solve Eq. (73) in the forward
direction. In this case, Eq. (73) becomes (for the subset of angles )
oy (1,9,
or
where r is the distance along the ray in direction —€, . The 1-LASS adjoint flux 1//(1) (r,Q) along the

+2, 7, 9,) = -0 (r,Q,), k=1,.,K, (75)

ray within region £ is Eq. (39).

(

Using Eq. (39) in Eq. (75) and using the integrating factor ™"~ yields
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6 F=r,
T 2)) =062, (76)

Clearly, the distance » —r,, depends on the angles 6 and w defining £, (see Fig. 1), so the functional
dependence is suppressed. Integrating Eq. (76) yields
Y, 2,) = -0, @) [ dr +C
== 0", @) 1)+ C. (77)

Dividing through by the integrating factor yields

v (r,2,) =02 (@) -1, )e T 4 CeI T, (78)
Designate the 2"-LASS adjoint flux entering region & in direction —Q, as l//gz)(m,ﬂ ,)-Using r=r,
in Eq. (78) yields

vy (., 2,) = C. (79)
Using Eq. (79) in Eq. (78) yields

2 2 -2 (r=ri), (1
v 2) =08 (= e T 0,2,

(80)
2 g (=t
+e )yléz)(rh,ﬂd).
The boundary condition, given by applying Eq. (74) to Fig. 1, completes the solution:
v (r.,R,)=0. (81)
II1.G. Specific Solutions of 2"%-LASS Adjoint Equations
Two of the adjoint equations [Egs. (10) and (17)] have sources that include the 1*-LASS adjoint
flux. The solution of these equations in region & is Eq. (80) with
) =0, /(1) (82)
for Eq. (10) and
) = NJ(1) (83)

for Eq. (17). Note that Eq. (80) already includes the negative sign preceding these sources in Egs. (10)
and (17).

The solution of Eq. (10) is Eq. (80), using Eq. (82):

v, Q,) =0, /i) |- (=1 )e T YO0, ) e T 26,9, (84)
The solution of Eq. (17) is Eq. (80), using Eq. (83):
V2 (52) = N L0 =5)e ™ TG0 ) e Y 6,9,). (85)
Recall that t//gi.lmm (r,Q2,)=0 (Sec. IV.C of Ref. 2).

IV. Inner Products of the 2"-LLASS

The inner products are derived for ray-tracing of the 15-LASS in Ref. 4. Figure 1 shows a ray with
direction € traversing an arbitrary geometry towards a detector located at 4. As noted in Sec. III, the
angles that intersect 7« are denoted €, . The following sections derive the inner products of the 2"-

LASS.
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IV.A. Inner Products of w'? (r,Q)

The second-order sensitivities require the volume and angle integral of y{?(r,Q) and v, (r,Q)
[Egs. (12), (14), (19), and (21)]. Denote these as IdVL dQy? (r,Q). They will be computed by ray-
tracing in direction €, towards the detector point:

[ar], a@yPe.@)=[, a|e,n|[" dry?¢.e,). (86)
The integral over , is only over outgoing angles. The 2"-LASS adjoints are either nonzero only along
rays in direction £, or they are zero everywhere; therefore, the arguments on the right side of Eq. (86)

are .
The integral is the sum over regions:
& Ter
.[ dV-[47r dQy(r, ) = kz;-[zﬂ L2, |Qd .n|J.rk7 dry?(r,Q,)
o Tt
=) j _de, e, -n|J.r dr 0%
k=1 k=
X{_(rk+ - ")eixt’k(mir)'r’/(l)("kwQd)}

K
+;L”d9d @, n

is Eq. (82) or (83) if isotope i is present in region k and 0 if it is not. Integrating in direction

(87)

e %), ()
jr dre ™ Ty 7 (r, Q)
-

)

where O

Q, towards the detector point causes » —7,, in Eqgs. (84) and (85) to change sign to 7,, —7 . The first
integral along the ray in Eq. (87) is
1-(1+3,,d e "

I dr 0% =i = 0G0, = 08— v R). (89)
k= t,k
The second integral along the ray in Eq. (87) is
few ~ L, 1— =, xdy
Ydr ey D) =;—!//§2)(rk+,9d)- (89)
k= t,k
Adding Egs. (88) and (89), Eq. (87) becomes
K 1-(1+2,,d,)e "
[ av| doyP@o)=3 [ e, -n|{ 2 Z”; : v (r,.,Q,)
k k=1 t,k
(90)
1— e_zr,kdk 2
+—v, (1,2, ¢
z:l,k

The remaining integral on the right side of Eq. (90) is evaluated using numerical quadrature.
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IV.B. Inner Products of y? (r,Q)xy " (r,Q)

The second-order sensitivities also require the volume and angle integral of 2 (r, Q) xy " (r,Q)

wy (Q)xyP(r,Q), and w2, (r,Q)xy " (r,Q) [Egs. (12), (13), (19), (20), (24), and (25)].
These integrals have the same form. Because the 1st-LASS adjoint is only nonzero along €2, these

products are only nonzero along €, so these integrals are evaluated using ray-tracing. For the

(2)

W, (r,€2,) component [Eq. (63)], ray-tracing in direction Q, towards the detector point, it is

J. dVJ.4 dQ !//l(j,)(r, Q)xyV(r,Q) =

Sl ] g, | (e

+[ L —co(rk,szd)J(r—rk)e‘zf»*"‘“)}e”"”’“"’w‘“(m,szd)

1)

47[2,,,(

K 7
’* r (r= ) r ( - )

(2) ok 18 Eq (66) or (67) if isotope i is present in region & and 0 if it is not. Equation (91) reduces

where
to
[ ar|, doy? o)<y r0)=

K
T+ q -X .d =2 (r,-r
(2) k e 2k =) ©
> [, ae,|e, x| o (e e )y 0;,,2,)
k= T t,k

(92)
+ZJ dQ |Q n” dl" (2) [—Z_(D(rk’ﬂd ))(r_rk)ezt’kdkl//(l)(l"k+,gd)
t,k
3], de, e, nl[ dre Oy 2 00 0,).
k= k-
The first integral along the ray in Eq. (92) is
J;: dr Ql(,?z),k 4”(];2 (eizl'kdk —672"“4;”) (1)( k+sﬂd) =
- t,k
q 1 efzr,kdk (93)
2 “Ed, 17 1
f,a),kﬁ(dke _TJ Dr.,,Q,).
The second integral along the ray in Eq. (92) is
I Tdro?, —z—q)(rk_,ﬂd)j(r—rk_)e‘ Wy O@,,Q,) =
. (94)

f,i{k(Mq—g_W r_,Q, )J 2 -, 1dy (1)( e s 2,).
t.k
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The third integral along the ray in Eq. (92) is the integrand times dr. Adding these and rearranging,
Eq. (91) becomes

I dVL”dQV/&)(I’,Q)xl//(l)(r,ﬂ):kﬁ;jzﬂdﬂd |Qd .n|{_ ) 9 |:1_(l+zz,kdk)€_z”kdk}

lya,k
“A4ry?

t,k

(95)
1 - c - k“k
+ 1(,?,1{_ q—k_(P(rk-’Qd) dl?e i +de Fd '//1(?( T s82,) (1)( VeisS24)e
2\47%,,
For the !//(2)(I”,Qd) component [Eq. (64)], the integral is
jde del(z)(r,Q)xgy()(r Q)=
S [ (2) 2y (r=ri2) 2k Ui =r) (1)
>, de, je, o[ dr rOGi s (1—e Je (., 9Q,) (96)
k=1 z,k
+ZJ dQ “ dr BTy, ) Q e Ty O Q
Wiy (1 ,82,)e (7,5 2,)-
Equation (96) reduces to
j de dQy 2 (r, Q) xy " (r,Q) =
J do |9 nH‘ dr 1(z)k (e—z,,k(rh—r) _ o T )l//(l)(,,k+,9d) (97)
t,k
+Z Jz,r ds2, |Qd 'n|,[rk+ dre ™" ‘//1(?(’”/(799[1 )W(l)(rk+99d)°
k=1 k=
The first integral along the ray in Eq. (97) is
- Tt =T T k%% 1_67 i 21 kA
J. dr l(?k ( Z sk s )_e 4 ) (1)( k+’ l(i)k (z—_dke 2 4d ] (1)( k+’Qd)‘ (98)
tk t,k

The second 1ntegral along the ray in Eq. (97) is the integrand times dr. Adding these and rearranging,
Eq. (96) becomes

[ar], dQl//fz)(r,Q)xy/(n(r,Q):iL”de 2, n|{ 1{2}(?[1_(“2&%)6z,,kdk]
k=t t,k
’ (99)
+de Ny D (5,9,) }l//(”(rh,ﬂd).

The remaining integrals on the right sides of Egs. (95) and (99) are evaluated using numerical
quadrature.

IV.C. Inner Products of w? (r,Q)x p(r,€2)

Finally, the second-order sensitivities also require the volume and angle integral of
w2 (r, Q) x o(r,Q) and l//ézl)ﬂv r,Q)x p(r,Q) [Egs. (12), (13), (19), and (20)]. These integrals have the
same form. Because the 2"-LASS adjoint is only nonzero along €, these products are only nonzero

along €, so these integrals are evaluated using ray-tracing. The integral is
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[[ar], 4@y, Q0,9 =

ZI de, |, n[[" droR) (- (m—r)e’z‘*“"‘k*”)y/“)(r,(+,gd)} ”qgt,k (1-e0)
+Z [, ae,

+zj dQ,|Q, n
+Z [, e

)

where 0,/ is Eq. (82) or (83) if isotope i is present in region & and 0 if it is not. Equation (100) reduces

4
T ( f’k(r"k*’) (100)
} Qe )

J‘“d Q(Z){ —re 4 Gy =) ol r.,Q

=2, (e —1) 2)( k+’gd )q)(rk_,Qd)e*Zx,k(r*’kf),

to
j dVL dQy? (r, Q)(r,Q) =

i ”n dQy, |Qd ‘I J.:H dr O3} q—k{_(rk+ - ”)e_ZI’k(rk+_r)'//(l)(’”k+9Q'd )}
k=1 k=

2,k
47 Et,k

K
+;L”d9d 2, n

T dr qy e_zf.k(rk+_r)l//§2)(rk+’Qd) (101)
nw  Adr Zt’k

+ZI Q,lQ, nU.Her(z)((p(’”k,Qd)_ J{_(’”m_’”)e_z"kdk‘//(l)(’”kwﬂd)}

q
4 ZI,k

+Z [, e, n” dr(go(rk Q) - jez’”d"l//éz)(rm,ﬂd).

42

The first integral along the ray in Eq. (101) is
1-(,,d, +1e ™"

“ dr <2) D [_(r _ ) T O, _®_ 102
J- rO 4rZ, { G mne Ui d)} “an Xk ztz,k (192
The second integral along the ray in Eq. (101) is
)
T Qe =t (2) 9k @) I—e ™™
dr—=—e ™ 7, )=—"— F s )—. (103)
w anx, vy (1.,82,) ars,, v,  (1.,,€2,) 5,
The third integral along the ray in Eq. (101) is
Jaro? (m Q- J{—w—meE'vkdkz//(“(rwnd)%
(104)
1 ) k 2o iy, 00
,Q _ d rk k y
2 ((0( ) 47[2‘[’]{ K€ (77.,€2,)

The fourth integral along the ray in Eq. (101) is the integrand times dk. Adding these and rearranging,
Eq. (101) becomes
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[ar|, doy?,@)pr,0)=

S @ Y9 -3, 4y
;J.zﬂdgd|gd'n| i m[l—(ﬁt’kdk+l)e g ]

(105)

1 —
+308) [Mq—é—m_,ad%e by 0,)
tk

qk _ _zz,kdk _ qk _Zr.kdk (2)
+|:_47[212,k (1 € )+((o(rk—9gd) 47[21’](}‘{1{@ :l‘//z (rk+’ﬂd)}'

The remaining integral on the right side of Eq. (105) is evaluated using numerical quadrature.
V. Numerical Results for an Analytic Sphere

The equations of Sec. IV were implemented in the SENSPG computer code, and the integrals were
evaluated using the QUADPACK integration library.'*> The homogeneous sphere with two isotopes that
was described in Ref. 2 and solved there using PARTISN was solved using ray-tracing. The SENSPG
input file is listed in the appendix.

Material density derivatives are obtained from the isotopic density results using the chain rule:

oL _$aL v,
0p ‘I ON, op
Mmoo N, oL (106)
p ON, p 0N,
2 2 2 2
86222 0’L 0N, ON,
dp~ ‘THONON, op dp
2 0 2 2 0
=—t a];+2££—8L +£ 8L2’ (107)
ON; p p ONON, p ) ON;

as in the PARTISN results of Sec. VILE of Ref. 2. These density derivatives are constant-volume partial
derivatives.” Mixed derivatives involving the mass density are obtained similarly.

All of the ray-trace inner products are identical to the analytic derivatives of Sec. VII.C of Ref. 2 to
the number of digits shown there, except that 62L/ opdo, and 62L/ 0p0q, each differ in the last digit
from the values shown in Table VII of Ref. 2.

Reference 2 did not consider the sensitivity of the leakage to interface locations. Preparing for future
work, we will do so here. The derivative of the total leakage with respect to the radius of the sphere, a, is
OL 2mq,Na %a
P S (1-e7*), (108)
where g1 and Ni are the emission rate of the gamma-ray line from isotope 1 and the atom density of
isotope 1, respectively. Using the parameters for the sphere given in Ref. 2, Eq. (108) evaluates to
5.700528 x 10* y/s/cm. The adjoint-based formula, Eq. (39) of Ref. 14, when evaluated using ray-
tracing,® yields the same result.
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VI. Numerical Results for a Two-Region Slab

In preparation for an analytic benchmark, a two-region slab problem was done using ray-tracing. The
slab is shown in Figure 3. The left region, with a thickness #1 = 4 cm, represents uranium metal enriched
to 20 wt% 2*°U. Its density is 18.8 g/cm?’. The right region, with a thickness #2 = 6 cm, represents natural
uranium dioxide, UO2, at a density of 10 g/cm®. The quantity of interest is the leakage (partial current
density) of the 1.001-MeV 2**U line from the right side of the slab. Parameters of the slab are given in
Table I. Microscopic photon cross sections at 1.001 MeV and the 1.001-MeV line emission rate are
given in Table II. The cross sections were obtained from the MCPLIB04 ACE-formatted photon cross-
section library, which is distributed with MCNP, and do not contain coherent scattering. The source
emission rate is from Gunnick.'> The total macroscopic cross sections X1 and X and the total source rate
densities 01 and Q2 shown on Table I are computed using the data of Table II. The isotopic number
densities are given in Table III. The SENSPG input file is listed in the appendix.

Material 1, 20 wt% Material 2,
enriched U metal (nat)UuO, Detector
4 cm < 6 cm

Figure 3. Two-region slab.

Table 1. Slab Material Parameters.

Parameter Value
Material 1 233U, 20 wt%; 28U, 80 wt%
Pl 18.8 g/cm?
PN 1.415651053 /cm
O 6.137765449 x 10° y/cm’/s
t 4 cm
2350, 0.6267397832 wt%;
Material 2 238U, 87.52600761 wt%;
160, 11.84725261 wt%
P2 10 g/cm’
b} 0.7374702915 /ecm
[0} 5.357853445 x 10° y/cm®/s
5} 6 cm
L 302.60662 y/s
Table II. Isotope Parameters.

Isotope Cross section, g (b) SOIE;?(G 1 82}1;:;%18;2]6 &
235y 29.69028616189 0.
28y 29.69028616189 4.033 x 10*
150 1.688362446543 0.

An Equal Opportunity Employer/Operated by Los Alamos National Security LLC for DOE/NNSA



To Distribution —19— November 28, 2017

Table II1. Isotope Densities.

Material Isotope Density (atom/b-cm)
1 35U 9.633468185116 x 107
238y 3.804714511001 x 102
2 35y 1.605765362130 x 10*
B8y 2.214172016178 x 1072
150 4.460459339467 x 102

First-order sensitivities are presented in Tables IV and V. Second-order sensitivities are presented in
Tables VI through IX. These sensitivities compare very well with those computed using PARTISN with
S2048 quadrature. Only a few differences are greater than 0.002% (in magnitude) and none are greater
than 0.03% (in magnitude). Units of the sensitivities are suppressed; they correspond to those used in
Tables I through III.

Table I'V. First-Order Sensitivities (Absolute) of the Leakage to Isotopic Parameters.

Isotope N o q
25U (mat. 1) | —1.89732E+01® | —6.15615E-03 0.00000E+00
238U (mat. 1) 5.08497E+00 —2.43136E-02 2.26964E-05
25U (mat. 2) | —1.21237E+04 —6.55696E-02 0.00000E+00
23U (mat. 2) 1.50178E+03 —9.04132E+00 7.48057E-03
0 —6.89423E+02 | —1.82138E+01 0.00000E+00

(a) For example, this number is the derivative of the leakage with respect to the 23°U
number density in material 1.

Table V. First-Order Sensitivities (Absolute) of the Leakage to Densities and Surface Locations.

Parameter Sensitivity
p1 5.68661E-04
p2 5.53732E-02
70 —2.67271E-03
ri —8.96160E-02
P 9.22887E-02
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Table VI. Second-Order Sensitivities (Absolute) of the Leakage to
Atom Densities and Isotopic Parameters.

Parameter Isotope N o q
BZSUN 25U (mat. 1) | 7.66964E+02 —-3.90185E-01 0.00000E+00
(mat. 1) 28U (mat. 1) | 2.68287E+02 9.82839E-01 —4.70449E-04
25U (mat. 2) | 3.88136E+03 2.09919E-02 0.00000E+00
28U (mat. 2) | 3.88136E+03 2.89455E+00 0.00000E+00
150 2.20717E+02 5.83108E+00® | 0.00000E+00
WUN 25U (mat. 1) | 2.68287E+02 8.70499E-02 0.00000E+00
(mat. 1) 28U (mat. 1) | —2.30390E+02 | —2.95237E-01 1.26084E-04
235U (mat. 2) | —1.03705E+03 | —5.60874E-03 0.00000E+00
28U (mat. 2) | —1.03705E+03 | —7.73384E-01 0.00000E+00
150 —5.89725E+01 | —1.55798E+00 0.00000E+00
3UN 25U (mat. 1) | 3.88136E+03 1.25937E+00 0.00000E+00
(mat. 2) 28U (mat. 1) | —1.03705E+03 4.97383E+00 —4.64000E-03
25U (mat. 2) | 9.56490E+05 —4.03166E+02 0.00000E+00
28U (mat. 2) | 4.17392E+05 7.13308E+02 —2.95972E-01
1°0 5.43916E+04 1.43696E+03 0.00000E+00
WUN 25U (mat. 1) | 3.88136E+03 1.25937E+00 0.00000E+00
(mat. 2) 28U (mat. 1) | —1.03705E+03 4.97383E+00 —4.64000E-03
25U (mat. 2) | 4.17392E+05 2.25742E+00 0.00000E+00
28U (mat. 2) | —1.21706E+05 | —9.70660E+01 4.18773E-02
150 2.37353E+04 6.27060E+02 0.00000E+00
O N 25U (mat. 1) | 2.20717E+02 7.16148E-02 0.00000E+00
28U (mat. 1) | —5.89725E+01 2.82841E-01 —2.63857E-04
25U (mat. 2) | 5.43916E+04 2.94171E-01 0.00000E+00
28U (mat. 2) | 2.37353E+04 4.05629E+01 —1.68307E-02
1°0 3.09302E+03 —3.26625E+02 0.00000E+00

(a) For example, this number is the second derivative of the leakage with respect to the 23°U
number density in material 1 and the '°O cross section.
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Table VII. Second-Order Sensitivities (Absolute) of the Leakage to

Microscopic Cross Sections and Isotopic Parameters.

Parameter Isotope N o q

U e 25U (mat. 1) | —3.90185E-01 8.07442E-05 0.00000E+00
(mat. 1) 28U (mat. 1) 8.70499E-02 3.18897E-04 | —1.52645E-07®

25U (mat. 2) | 1.25937E+00 6.81113E-06 0.00000E+00

28U (mat. 2) | 1.25937E+00 9.39180E-04 0.00000E+00

150 7.16148E-02 1.89198E-03 0.00000E+00

38U o 25U (mat. 1) | 9.82839E-01 3.18897E-04 0.00000E+00

(mat. 1) 28U (mat. 1) | —2.95237E-01 1.25948E-03 —6.02866E-07

25U (mat. 2) | 4.97383E+00 2.69004E-05 0.00000E+00

28U (mat. 2) | 4.97383E+00 3.70927E-03 0.00000E+00

10 2.82841E-01 7.47234E-03 0.00000E+00

U o 25U (mat. 1) | 2.09919E-02 6.81113E-06 0.00000E+00

(mat. 2) 28U (mat. 1) | —5.60874E-03 2.69004E-05 —2.50949E-08

25U (mat. 2) | —4.03166E+02 2.79779E-05 0.00000E+00

28U (mat. 2) | 2.25742E+00 3.85785E-03 ~1.60073E-06

150 2.94171E-01 7.77165E-03 0.00000E+00

U 25U (mat. 1) | 2.89455E+00 9.39180E-04 0.00000E+00

(mat. 2) 28U (mat. 1) | —7.73384E-01 3.70927E-03 ~3.46031E-06

25U (mat. 2) | 7.13308E+02 3.85785E-03 0.00000E+00

28U (mat. 2) | —9.70660E+01 5.31954E-01 —2.20723E-04

150 4.05629E+01 1.07162E+00 0.00000E+00

%0 ¢ 25U (mat. 1) | 5.83108E+00 1.89198E-03 0.00000E+00

28U (mat. 1) | —1.55798E+00 7.47234E-03 —6.97081E-06

25U (mat. 2) | 1.43696E+03 7.77165E-03 0.00000E+00

28U (mat. 2) | 6.27060E+02 1.07162E+00 —4.44648E-04

1°0 —3.26625E+02 2.15879E+00 0.00000E+00

(a) For example, this number is the second derivative of the leakage with respect to the 23°U
cross section in material 1 and the 2*3U source emission rate for the 1.001-MeV line.

Table VIII. Second-Order Sensitivities (Absolute) of the Leakage to
Source Emission Rates and Isotopic Parameters.

Parameter Isotope N o q
28U ¢ 25U (mat. 1) | —4.70449E-04 | —1.52645E-07® 0.00000E+00
(mat. 1) 28U (mat. 1) 1.26084E-04 —6.02866E-07 0.00000E+00
235U (mat. 2) | —4.64000E-03 —2.50949E-08 0.00000E+00
28U (mat. 2) | —4.64000E-03 —3.46031E-06 0.00000E+00
150 —2.63857E-04 —6.97081E-06 0.00000E+00
28U ¢ 235U (mat. 1) 0.00000E+00 0.00000E+00 0.00000E+00
(mat. 2) 28U (mat. 1) 0.00000E+00 0.00000E+00 0.00000E+00
23U (mat. 2) | —2.95972E-01 —1.60073E-06 0.00000E+00
28U (mat. 2) 4.18773E-02 —2.20723E-04 0.00000E+00
%0 —1.68307E-02 —4.44648E-04 0.00000E+00

(a) For example, this number is the second derivative of the leakage with respect to the 23U

source emission rate for the 1.001-MeV line and the 22°U cross section in material 1. Note

that it is the same as the number footnoted in Table VII.
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Table IX. Second-Order Sensitivities (Absolute) of the Leakage to

Material Densities and Isotopic Parameters.

Parameter Pl p2
235U N (mat. 1) 9.35962E-01 9.64081E-+00
28U N (mat. 1) | -3.28783E-01 —2.57589E+00
255U N (mat. 2) | —1.09878E-01® | 1.18215E+03
28U N (mat. 2) | —1.09878E-01 —1.56906E+02
0 N —6.24832E-03 6.72238E+01
25U o (mat. 1) | -2.37678E-05 3.12811E-03
238U o (mat. 1) | —9.38703E-05 1.23544E-02
25U o (mat.2) | —5.94264E-07 | —1.63448E-04
238U o (mat. 2) | —8.19425E-05 —2.25377E-02
%0 ¢ —1.65073E-04 | —4.54023E-02
235U ¢ (mat. 1) 0.00000E+00 0.00000E+00
28U ¢ (mat. 1) 1.41002E-08 ~1.15252E-05
235U ¢ (mat. 2) 0.00000E+00 0.00000E+00
28U ¢ (mat. 2) 0.00000E-+00 1.28982E-05
10 ¢ 0.00000E+00 0.00000E+00
p1 —1.85783E-04 | —2.72924E-04
P2 —2.72924E-04 | —2.85848E-02

VII. Summary and Future Work

November 28, 2017

(a) For example, this number is the second derivative of the leakage with respect to the
235U atom density in material 2 and the mass density of material 1.

In this memo, the equations derived in Ref. 1 for second-order sensitivities of a detector response to
uncollided particles are solved and the inner products are evaluated using ray-tracing. Results for a
homogeneous sphere are in excellent agreement with analytic results as well as PARTISN results
presented in Ref. 2. Results for a two-region slab are presented in anticipation of a future analytic
solution. The detector response is the partial current density at a point on the surface. For the sphere, this
can be integrated over the surface to yield the total leakage. For the slab, the point is on the “right”

surface and it yields the total leakage through the right surface.

Also in this memo, analytic formulas for the total leakage from a homogeneous sphere*® and the
scalar flux at a point on the surface of a homogeneous sphere,'? which are derived in different ways in

the literature, are derived using ray-tracing.

In the future, the SENSPG code will be extended to compute second-order sensitivities of interface
locations, including mixed partial derivatives of interface locations and the isotopic quantities (number
density, cross section, and source emission rate).
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APPENDIX A
SENSPG INPUT FILES

SENSPG Input File for Sec. V

simple sphere
sphere ptflux
mendf71x
1 / no of materials
1 94239 0.94 94240 0.06
15.8 / densities
1 /7 no of shells

794 / radii

/ material nos

3.

1

1 / index of coarse mesh to use for reaction rates
0 / number of reaction-rate

SENSPG Input File for Sec. VI

two-region slab

slab ptflux

mendf71x

2 / no of materials

1 92235 0.20 92238 0.80

2 92235 6.267397832E-03 92238 8.752600761E-01 8016 1.184725261E-01 /

18.8 10. / densities
2 / no of regions

0. 4. 10. / interface locations
1 2 / material nos
1 / index of coarse mesh to use for reaction rates
0 / number of reaction-rate
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